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ABSTRACT: Geometric phases are fundamental to wave physics
and underpin a broad range of optical phenomena. The most
prominent example, the Pancharatnam−Berry (PB) phase,
originates from polarization evolution during wave propagation.
In contrast, geometric phases associated with optical resonances
and cavities remain largely unexplored. Here, we uncover the
relation between the generalized PB phase and the far-field
polarization evolution in bound states in the continuum (BIC)
cavities. We demonstrate the continuous homotopic evolution of
vortex lasing modes through geometric-phase engineering of BIC
resonances. To experimentally validate this concept, we realize
metasurface lasers composed of titanium dioxide hole arrays
integrated with CdSe/CdxZn1−xS core/shell colloidal quantum
wells as the gain medium. Our results reveal a previously unexplored form of spin−orbit interaction in BIC cavities under oblique
incidence and provide a versatile route for on-chip control of polarization and orbital angular momentum in nanolasers.
KEYWORDS: geometric phase, bound states in the continuum, polarization vortex laser, singular optics, photonic crystal

The geometric phase provides a powerful framework for
the control of structured light, enabling robust manipu-

lation of phase, polarization, and angular momentum in
compact photonic systems.1,2 In contemporary geometric-
phase optics, the Pancharatnam−Berry (PB) phase plays a
central role. Arising from the evolution of polarization during
wave propagation between circular polarization states of
opposite handedness, the PB phase underlies a wide range of
metasurface functionalities. However, this framework is
intrinsically associated with the propagation of waves. In
optical cavities, electromagnetic fields undergo multiple
roundtrips and form standing-wave resonances prior to
radiation leakage, such that the conventional propagation-
based description of the geometric phase is no longer directly
applicable. Establishing a geometric phase formalism for cavity-
confined resonant states therefore remains an outstanding
problem.

A particularly important class of related cavities is the BIC
cavity.3−10 Owing to their intrinsic topological far-field
properties, BIC cavities have emerged as a powerful platform
for manipulating light polarization and generating vortex
beams that exhibit both phase and polarization singular-
ities.11−15 A central theme in the study of BIC-enabled vortex
fields is understanding how modifications in the near field

influence the evolution of these singularities and, consequently,
the resulting far-field polarization distribution.3,5,16−20

The dynamics of the topological singularities, including their
interaction, generation, and annihilation, are governed by the
conservation of total topological charge.21−23 Previous research
has demonstrated that strategies such as symmetry breaking
and the optimization of geometric parameters effectively
govern the dynamic behavior of these singularities, including
their translation, merging, and splitting.24−28 These methods
have enabled the realization of topological singularities with
different charges, giving rise to rich and diverse polarization
textures. While topology governs the global characteristics of
polarization fields, it does not uniquely determine the local
polarization configuration. In particular, a given winding
number corresponds to an infinite family of continuously
deformable polarization textures belonging to the same
homotopy class. Prior studies on bound states in the
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continuum (BICs) have firmly established the existence of
continuous momentum-space polarization vortices,21−23 and
the preservation of topological charge under structural
variations remains an expected consequence of maintained
C4 symmetry. However, the quantitative physical mechanisms
driving the continuous evolution of the polarization texture
within a given topological class have remained largely
unexplored.

In this work, we demonstrate that this continuous
homotopic evolution is governed by a generalized resonant
geometric phase tied directly to the cavity eigenmode. Using
coupled-mode theory, we establish a direct mapping between
this internal resonant phase and the far-field polarization states,
providing a precise quantitative explanation for the observed
nonlinear polarization rotation in the far-field emission.
Crucially, whereas previous investigations of PB-phase effects

in BIC systems have been restricted to passive, scattering
metasurfaces operating under external polarized illumina-
tion,11,29 our approach extends geometric-phase physics into
the domain of active emitting systems. By decomposing the
unpolarized cavity emission into circular components and their
time-reversed counterparts, we construct a closed trajectory on
the Poincare ́ sphere. This framework reveals that a generalized
PB phase can emerge natively from the internal resonant and
time-reversal symmetries of an active BIC cavity, expanding the
scope of geometric-phase phenomena from passive wave
manipulation to active laser and emission architectures.

To experimentally demonstrate this concept, we design and
fabricate metasurfaces consisting of amorphous titanium
dioxide hole structures filled with CdSe/CdxZn1−xS core/
shell colloidal quantum wells (CQWs) serving as the gain
medium. By rotating the subunit-cell elements about their

Figure 1. Homotopic evolution of polarization surrounding the BIC. (a) The permutation of a simple unit cell and the corresponding far-field
polarization field. (b) Unit cell permutation and the rotation of the polarization field surrounding the BIC for topological charge −1 (top panel)
and +1 (middle panel) and for complex cells with three representative values of θ = 45°, 75°, and 90°. (c) Far-field polarization ϕg as a function of
the amplitude and phase difference of c+,−, where c− and c+ denote out-coupling coefficients of the BIC mode to the far field with clockwise (+) and
counterclockwise (−) electric field rotation, respectively. The blue and red colors indicate the handedness (left and right) of the elliptical
polarization, respectively. (d) Schematic for an equivalent virtual process with the virtual in-coupling field c−* and the out-coupling field c+. (e)
Evolution of the polarization states along the Poincare ́ sphere.
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center of mass, the geometric phase evolves analogously to a
generalized Pancharatnam−Berry (PB) phase. Consequently,
the emitted laser polarization undergoes a continuous rotation,
tracing the equator of the higher-order Poincare ́ sphere.

For a simple metasurface consisting of nanofins. The
rotation of these nanofins and the rotation of the far-field
polarization have a one-to-one correspondence. This is
schematically illustrated in Figure 1a. However, in a complex
unit cell with C4 symmetry, the evolution of polarization
follows more complicated structures governed by the
maintenance of topological charge; this is illustrated in Figure
1b. The complex unit cell is composed of four rectangular
nanofins of identical dimensions but distinct orientations.
Specifically, the rotation angles of the nanofins with respect to
the x-axis are θ, θ + 90°, θ, θ + 90°. When the θ value is varied,
the topological charge around the BIC point at the Γ-point can
be expressed as30

k kq d1
2

( )k
C

= ·

where C is a closed loop around the BIC singularity, Φ(k) =
arg(cx(k) + icy(k)) is the polarization angle, and cx(k), cy(k)
represent the coupling coefficients of the Bloch mode to the far
field along the x- and y-direction in the momentum k-plane.

To elucidate the correlation between θ and polarization
rotation, we decompose the out-coupling fields of the BIC at
off-Γ into circular bases: c± = cx ∓ icy, where c+ and c− represent
the out-coupling coefficients of the BIC mode to the far field
with clockwise (+) and counterclockwise (−) electric field
rotation, respectively. We find that rotating the nanofins does
not significantly modify the mode profile; instead, it induces a
local rotation of the coordinate frame, thereby generating a

geometric phase31,32 ϕG,± = − ∫ S±·Ωθdθ where S± is the spin
angular momentum of the optical field and Ωθ is the rotating
rate of the coordinate frame with respect to the parameter θ.
We define a new geometric phase that governs the polarization
direction as ϕg = ϕG,+ − ϕG,−, which can be calculated as ϕg =
Arg(c+) − Arg(c−) = Arg(c+) + Arg(c −*).33 Here, the principal
polarization direction is solely governed by ϕg, as illustrated in
Figure 1c. We also observe that c−* is proportional to the in-
coupling coefficient at the opposite k due to the time reversal
and reciprocity symmetry (see details in SI, Section 1). With
this equivalence, c−*c+ represents a virtual process, where the in-
and out-couplings are |−⟩ and |+⟩ states, as shown in Figure
1d. This process creates a pathway on the Poincare ́ sphere of
polarization that connects the poles as shown in Figure 1e. The
virtual processes mediated by BIC cavities with different θ
form a closed loop on the Poincare ́ sphere, whose enclosed
surface area corresponds to the geometric phase ϕg. This
geometric phase also manifests as the generalized PB phase29

when a circularly polarized incident wave is converted into its
opposite polarization by the metasurface. A detailed derivation
based on the coupled-mode theory is provided in Supporting
Information (SI, Section 1).

Our theory depends only on the symmetry and is applicable
for any medium. In our design, to enhance mode overlap and
facilitate subsequent lasing, we employ TiO2 metasurfaces
composed of hole structures filled with CdSe/CdxZn1−xS core/
alloyed-shell CQWs as the gain medium. Each unit cell has a
lattice constant of a = 596 nm, and each nanofin has the length
of L = 275 nm and the width of W = 175 nm (SI, Figure S2).
The total thickness of the metasurface is 120 nm. The
simulated photonic band structure is shown in Figure 2a for a
representative case θ = 75°, where the color bar indicates the

Figure 2. Geometric phase and the rotation of the polarization fields. (a) The simulated band diagram for the photonic crystal slab with θ = 75°.
The color map indicates the quality factors in a logarithmic scale. (b) The mode profile for the TM2 mode for the case θ = 75°. The arrows indicate
the electric field direction, and the color map shows the amplitude of the Ez component. (c, d) The simulated reflectance spectra with an oblique
incident angle corresponding to k 0.02

a
2| | = × in the ΓX and ΓM direction. (e, f) The simulated geometric phase and the far-field polarization

angle as a function of the rotational angle θ for the mode corresponding to k 0.02
a

2| | = × in the ΓX and ΓM direction, where ϕg, ϕPB, and ϕp are
the geometric phase, PB phase, and the polarization angle, respectively. The red lines at the top show the evolution of the polarization angle at
various θ.
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Q-factor in a log scale. We focus on the TM2 mode, which
contains a symmetry-protected BIC with a diverging Q-factor
at the Γ-point. Note that the energy of the BIC is robust
against the changes of θ as long as the C4 symmetry is
preserved as the mode is highly localized within each nanofin.
Figure 2b shows the electric field distribution of the TM2
mode taken at the mirror symmetry plane in the z-direction.
To verify the relationship between the ϕg and the generalized
PB phase, we calculated the reflection spectra under oblique
illumination of a circularly polarized plane-wave using the
rigorous coupled-wave analysis (RCWA) method. The PB
phase is defined as the phase difference between the reflected
waves of the opposite electric field rotations when the
polarization is converted from |−⟩ to |+⟩. Figures 2c,d present
the reflectance spectra at an oblique incident angle
corresponding to k 0.02

a
2| | = × in the ΓX and ΓM directions,

respectively. In both cases, when the polarization conversion is
absent (i.e., |−⟩ → |−⟩), we observe a Fano-shaped reflection
profile resulting from the interference between the resonant
mode and the nonresonant background reflection. In contrast,
the reflectance associated with polarization conversion (i.e.,
|−⟩ → |+⟩) exhibits a Lorentzian profile, as the nonresonant
background contains no cross-polarized contribution. The
phase difference associated with this cross-polarized reflection
corresponds to the generalized PB phase, which originates

from the complex eigenmodes of the photonic supercell.29 To
investigate the dependence of PB phase ϕPB on the rotation
angle θ of the nanofins, we extract ϕPB from the reflectance in
both ΓX and ΓM directions as a function of θ. The results
show excellent agreement with the ϕg calculated directly from
the complex eigenmode of the cavity mode (Figure 2e,f),
thereby confirming their common physical origin. Notably, the
geometric phase exhibits a nonlinear dependence on the
nanofin rotation angle θ, which arises from two distinct effects:
(i) the rotation of the coordinate frame follows the principal
axis,29 which is typically different from the rotation angle of a
single nanofin θ; (ii) inter-unit-cell mode coupling within the
supercell further perturbs the eigenmodes, leading to addi-
tional deviation from single-resonator geometric phase.

It is conventionally assumed that PB phases vanish in C4-
symmetric lattices due to their isotropic nature.29,33 However,
our results reveal that a PB phase can exist in C4 lattices when
the excitation occurs at oblique incidence. To further confirm
the geometric nature of the observed effect, we demonstrate
that BIC modes with different topological charges all acquire
an identical phase as a function of θ (SI, Section 2).

As a result of the evolution of geometric phases, the far-field
polarization (ϕp) rotates synchronously (red arrows in Figure
2e,f) and evolves homotopically while preserving the
topological charge. An intriguing observation is the doubling

Figure 3. Characterization of the TiO2-CQWs metasurfaces. (a−c) Atomic force microscope (AFM) images of the TiO2 metasurfaces coated with
CdSe/CdZnS CQWs via spin-coating and subsequent planarization, presenting three representative rotation angles of the nanofins: θ = 45°, 75°,
and 90°. (d−f) Unpolarized angle-resolved photoluminescence spectra measured for θ = 45°, 75°, and 90° showing the robustness of the
symmetry-protected BIC on the TM2 band against the variation of θ. The yellow lines indicate the simulated band structures. (g−i) Integrated
intensity of the TM2 band extracted at k 0.02

a
2| | = × as a function of the detected polarization α. Orange solid lines are sinusoidal fitting curves.
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relationship between the nanofin rotation angle and the
resulting polarization: as the nanofin rotates from 0° to 45° or
from 45° to 90°, the polarization direction rotates by 90°. This
behavior arises because the lattice restores its original
configuration after a 90° rotation, corresponding to a complete
traversal of the Poincare ́ sphere surface and thus a 2π
geometric phase. By symmetry, a 45° rotation introduces a π
geometric phase, leading to a 90° rotation of the polarization
angle. The orthogonal relationship between the θ = 45° and θ
= 0° or θ = 90° configurations further reflects the underlying
lattice symmetry, as discussed in the SI, Section 3.

The TiO2 metasurfaces were fabricated using electron beam
lithography followed by a dry etching method (see Supporting
Information, Section 4). The hole structures were then filled
with synthesized CdSe/CdZnS CQWs as gain medium (see SI,
Figures S8, S9 for CQW optical characterizations).34−36 To
enhance the filling factor of the CQWs into the TiO2 hole
structures, we intentionally engineered the CQWs in a square
shape, which promotes high emitter density, improves stacking
of CQWs within the thin film, and ensures smooth surfaces
and uniform optical gain across the cavity.

Importantly, to best resolve the pure polarization from the
BIC mode and the evolution of its geometric phase, a
planarized structure with minimal excessive CQWs on top is
necessary, which requires precise control over the spatial
distribution of CQWs within the TiO2 template due to the
strong localization of the electromagnetic field in the CQW-
filled regions. Excess CQWs remaining on top of the TiO2 slab
can perturb the BIC resonance wavelength and alter its
polarization characteristics. While spin-coating produces uni-
form coverage over both the cavities and the surrounding
areas, we implemented a postdeposition planarization step to

selectively remove CQWs from the top surface while retaining
them within the TiO2 pockets. This was achieved by carefully
sweeping the top surface under an optical microscope using
ultrafine, fiberless swabs lightly moistened with ethanol,
enabling targeted removal of CQWs without disturbing those
embedded in the cavities. The atomic force microscope (AFM)
measurements confirm the uniform thickness and excellent
surface smoothness, both essential for minimizing scattering
losses and preserving the high Q-factor of the BIC mode. This
approach, combined with our pocket-based cavity design,
ensures highly controlled CQW placement and minimizes
scattering losses, thereby maintaining the high-Q character-
istics necessary for further photonic applications such as lasing.
Figure 3a−c show the AFM topology images of three typical
metasurfaces with θ = 45°, 75°, and 90° (see SI, Figures S10,
S11 for other arrays). As can be seen, the TiO2 holes are
completely filled with a minimal amount of excessive CQWs
on top.

The photonic bands are investigated by a home-built angle-
resolved microspectroscopy setup (see Supporting Informa-
tion, Section 4). Figure 3d−f show the unpolarized angle-
resolved photoluminescence (PL) spectra for three represen-
tative arrays with rotation angles of the nanofins of θ = 45°, θ =
75°, and θ = 90°. For all samples with different θ, the
symmetry-protected BIC resonance is featured by the absence
of signal at the Γ-point. The measured band also matched well
with the simulated bands. It is noteworthy that some bands are
missing in the measured spectrum because a polarizer is used
during measurements; therefore, the bands with polarization
perpendicular to the BIC bands will not show. We characterize
the polarization of the TM2 band by varying the detection
linear polarization angle α and extract the PL intensity at

Figure 4. Characterization of the BIC lasing for a representative array with θ = 78°. (a−c) Polarization-resolved, angle-resolved PL spectra excited
at below the threshold (a), near the threshold (b), and above the lasing threshold (c). White arrows: detection polarization. The yellow lines
indicate the simulated band structures. (d) The emission intensity and fwhm as a function of the pump power density, showing the lasing threshold
at ∼220 kW/cm2. (e) Polarization patterns of the emission: left panel: unpolarized emission pattern, where the overlaid lines indicate the
polarization state of the emitted beam; right panels: emission patterns detected at different polarization angles (white arrows).
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k 0.02
a

2| | = × . The polar plots (Figure 3g−i) unambiguously
indicate the linear polarization of the BIC band with varying
polarization angles. Notably, the polarization states corre-
sponding to θ = 45° and θ = 90° arrays are orthogonal,
following the doubling relationship between θ and far-field
polarization rotation ϕp, as theoretically discussed in Section
2.1 and SI, Section 3. The intrinsic orthogonal polarization
fields is guaranteed by symmetry, providing robustness to
optical systems, which is critical in applications such as
quantum information processing and data transmission.

To exclusively assess the symmetry-protected BIC mode
TM2 and the evolution of its geometric phase, we studied the
lasing emission pattern. The samples were optically excited
using a nanosecond-pulsed laser with an emission wavelength
of 532 nm, pulse width of 1.5 ns, and a repetition rate of 1 kHz.
A pair of half-wave plates and an analyzer are placed along the
detection path to analyze the linear polarization of the BIC
mode.

Below the lasing threshold (Figure 4a), the emission is
dominated by the broad spontaneous emission from the
CQWs (Figure S9) that is coupled to photonic bands
including the high-Q BIC mode at ∼675 nm. As the pump
power approaches the lasing threshold, enhanced emission
emerges near the BIC mode (Figure 4b) and becomes
dominant when the pump power exceeds the lasing threshold
(Figure 4c). The measured lasing mode is found to coincide
with the simulated TM2 branch, confirming that lasing
originates from the intended symmetry-protected BIC mode.
It is noteworthy that the band above the TM2 band is missing
in these images because of the polarizer, which filters out the
band above, which has an emission polarization perpendicular
to the TM2 mode. The lasing action is revealed by analyzing

the integrated emission intensity over all angles and fwhm as
functions of the pumping fluence, as shown in Figure 4d. As
the excitation power increases, we observed typical S-curve
behavior of the emission intensity and a reduction of the fwhm,
unveiling a lasing threshold of ∼220 kW/cm2.

The polarization vortex characteristics of the BIC lasers are
investigated using back focal plane (BFP) imaging, which
captures the angular distribution of the far-field radiation of the
BIC mode. Figure 4e displays the BFP images of the lasing
patterns for the case of θ = 78°. Without a linear polarizer, the
BIC lasing emission exhibits the typical doughnut-shaped
intensity profile with an emission angle of approximately 1−2°
and a dark center due to the BIC singularity at the beam axis.
When the linear polarizer is introduced, the lasing pattern
transforms into a two-lobed structure that rotates as the half-
waveplate is rotated. As a result, the full polarization state of
the beams can be reconstructed as illustrated by the white
lines. The symmetry in the polarization distribution confirms
that the emitted beams are cylindrical vector beams37 with a
topological charge of −1.

The rotation of the polarization for different θ can be
confirmed by the lasing pattern when the polarizer direction is
fixed, as shown in Figure 5a. As θ varies, we observe the
continuous rotation of the emission pattern. To obtain the
polarization angle ϕp, we fit the y-polarized emission pattern to
the intensity profile of Hermite−Gaussian modes and convert
the tilt angle of the Hermite−Gaussian modes to the
polarization angle in the ΓX direction. To properly analyze
the polarization angle, we normalized each intensity map to a
range of [0, 1]. A detailed description of the fitting algorithm is
provided in the Supporting Information (SI, Section 4.4).
Because the intensity maps were acquired at different pump

Figure 5. Homotopic vortex lasing control. (a) Polarization-resolved emission patterns for samples with different θ angles, where the white arrows
indicate the detection angle of the linear polarizer. The contour in each panel indicates the best fit we obtained with the Hermite−Gaussian modes.
(b) Measured polarization angle along the ΓX direction as a function of θ. (c) Mapping of the realized vortex beams onto the HOPS with a
topological charge of −1.
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powers and normalized individually, the absolute or relative
intensities among different θ values cannot be directly
compared. The relative rotation of the polarization angle ϕp
along the ΓX direction with respect to the rotation angle of θ is
plotted in Figure 5b. Due to fabrication imperfections and
roughness, the modes are not entirely pure, causing some
emission to scatter into different k-space regions and introduce
noise. The fitting is repeated 40 times with different initial
conditions. The error bar represents the standard deviation of
the fitting. It can be observed that the trend of the measured ϕp
agrees well with the simulation, which confirms the nonlinear
geometric phase.

The realized lasing emission can be mapped onto the
equator of the HOPS with topological charge −1,38,39 as
shown in Figure 5c. The concept of the HOPS extends the
traditional Poincare ́ sphere representation, which maps
uniform polarization states, to encompass beams with spatially
inhomogeneous polarization. These HOPS beams are
significant in various applications, including optical communi-
cations, microscopy, and quantum information processing, due
to their unique properties and the ability to encode
information in both their spatial and polarization structures.
The controlled generation of high-purity HOPS beams at the
source is nontrivial, which requires several cascaded waveplates
inserted into the optical cavity. The present experiments
demonstrate structural control of equatorial HOPS states
corresponding to locally linearly polarized vortex beams.
Extension to off-equator states with finite ellipticity remains
an interesting direction for future work.

In conclusion, we demonstrate a method to control the
homotopic rotation of the polarization fields by the geometric
engineering of the supercell metastructure. We uncovered a
new form of geometric phase in a BIC cavity with C4
symmetry, arising from the spin−orbit coupling at an oblique
angle. The geometric phase modulates the polarization of the
states surrounding the BIC and effectively modulates the
homotopic emission without the need for external phase plates.
By integrating these nanostructures with high-quantum-
efficiency core−shell colloidal quantum wells, we realize a
polarization-vortex laser with tunable polarization character-
istics. Our approach can be readily extended by tuning
geometrical parameters or deliberately breaking symmetries to
further manipulate the movement, splitting, or merging
dynamics of topological charges. These results deepen the
understanding of the spin−orbit interactions in BIC cavities
and the topological nature of polarization fields and establish a
versatile platform for structured polarization control in
nanophotonic systems.
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